Abstract. This study calibrates the footprint positions of 8.5 million Chang'E-1 and 8.8 million SE-LENE laser altimetry measurements against accurately known lunar laser reflector locations. The resulting datasets are used to estimate triaxial, biaxial and spherical models of the lunar figure based on the two datasets individually. The equatorial semi-major, minor and polar axes of the Chang'E-1 and SELENE solutions di¤er by À143 m, 3 m and À49 m respectively. The di¤erences between their geometric centers and the lunar center of mass along the three axes are 186 m, 3 m, and 52 m. The complete laser altimetry datasets from the two missions reveal a lunar figure that is more spherical than previously thought. Furthermore, the Chang'E-1 and SELENE solutions are in better agreement with each other than either is with the ULCN 2005 lunar figure. 
Introduction
The recent Chang'E-1 (China) and SELENE (Japan) missions have produced over 17 million laser altimetry measurements (averaging approximately 1 measurement for every 2 square km of coverage) of the lunar surface. The parameters of the lunar figure are of interest to lunar exploration, and can be derived from these measurements. Furthermore, improved quantification of the geometric and dynamic lunar figure allows one to study the origin, interior structure, and composition of the moon. Finally, horizontal lunar control networks supporting lunar mapping (as in the case of GPS on Earth) require a precise mathematical reference surface. To support the above goals, this study presents new estimates of the best fitting triaxial ellipsoid, biaxial (rotational) ellipsoid, and sphere, along with their geometric centers (with respect to the center of mass of the moon). These models are derived from the largest datasets of Chang'E-1 and SELENE laser altimetry measurements to date. Recent approaches to modeling lunar topography use a spherical harmonic representation. For example, Bills and Ferrari (1977) calculated the parameters of a triaxial ellipsoid from spherical harmonics up to degree 12 fit to Earth-based and orbital observations. More recently, Smith et al. (1997) produced a Goddard Lunar Topography Model (GLTM 2) composed of spherical harmonics up to degree and order 72, based on the mass-centered radii deduced from Clementine laser altimetry measurements. Other techniques for determining the lunar figure involve data from spaceborne missions such as the Lunar Orbiter. These data are corrected for the position of the spacecraft at the time of exposure using photogrammetric techniques (Ruben 1969) , and an important part of this process is calculating the positions of prominent lunar features that appear on the pictures. The recent Unified Lunar Control (ULCN 2005) model is a fusion of photogrammetrically determined 2D control points (ULCN 1994) and Clementine Lunar Control Networks (CLCN), which also include laser altimetry. In a recent study, Iz (2009) estimated parameters for selenocentric and non-selenocentric triaxial ellipsoids, rotation ellipsoids, and spheres from lunar control points generated by the ULCN 2005 solution, expressed in selenocentric coordinates (latitude, longitude and selenocentric distance). His analysis does not use harmonic models of the lunar topography. The present study follows the same geometric approach to modeling the lunar figure, but uses the footprint positions of 8.5 million Chang'E-1 and 8.8 million SELENE lunar laser altimetry measurements which have been recently released to the scientific community.
Data sources
A laser altimeter on board a spacecraft transmits a high-power, narrow laser pulse to the surface and receives the reflected photons using an optical telescope. The distance between the satellite and the surface is determined by measuring the time delay of the laser pulses. The center of mass of the Moon can be calculated from the precise spacecraft orbits. Thus, the height of the lunar surface can be determined by subtracting the laser altimetry measurement from the distance between the spacecraft and the center of mass of the Moon. This number is the selenocentric radial distance. The 3D location of the measurement is also specified using the latitude and longitude of the subsatellite point on the surface of the Moon (usually in the body-fixed, mean Earth/ polar axis reference system).
Chang'E-1, launched on 24 October 2007, is China's first lunar exploration mission. It is a single satellite in a two-hour polar orbit, with an inclination of 90 e 2 and an altitude of 200 km. The onboard laser altimetry system produced measurements with a 120 m footprint at 200 km satellite altitude. The precision of the laser altimetry measurements is estimated to be better than 5 m ). The along-track footprint spacing was about 1.4 km. After two months of data acquisition, the minimum footprint spacing along the equator was about 7.5 km. In this study, over 8.5 million selenocentric distances (after removing over 300,000 outliers) are used to determine the lunar figure parameters, along with their corresponding latitudes and longitudes provided by the China Lunar Exploration Center. The SELENE mission launched on 14 September 2007. KAGUYA, the main satellite, occupies a onehour polar orbit with an inclination of 90 e 1 degrees at an altitude of 100 e 30 km. Its onboard laser altimetry system produced measurements with a footprint of 40 m and a spacing of about 1.6 km along the track. The precision of its laser altimetry range measurements is also 5 m (Araki et al. 2009 ). JAXA (2009) provided over 8.8 million selenocentric laser altimetry measurements based on these data, along with subsatellite locations (latitudes and longitudes), precise orbits, and other mission parameters.
The lunar figure parameters derived by Iz (2009) from the ULCN 2005 control points are also used for comparison. The ULCN control network consists of 272,931 points with an average surface density of approximately one per 46 km 2 (Archinal et al. 2006) . The precision of the ULCN 2005 control points is reported to be a few hundred meters ). All data sets are referenced to a spherical coordinate system whose polar axis is the mean Earth/Moon axis and whose center is the Moon's center of mass. All laser altimetry measurements (Chang'E-1 and SELENE ) and station positions (ULCN 2005) are expressed in this reference frame.
Calibration of the laser altimetry footprint radial distances
The footprint coordinates calculated from Chang'E-1 and SELENE laser altimetry are subject to random and systematic errors. The latter can be determined by calibrating the data to the accurately known radial coordinates of nearby Lunar Laser Ranging Retroreflector (LLRR) sites (Apollo 11, 14, 15, and Lunakhod 2) and radio-tracked Apollo Lunar Surface Experiments Package (ALSEP) sites (Apollo 12, 14, 15, 16, and 17) . The locations of these sites are marked in Figure 1 . Some ALSEP sites are not included in the calibration because they are very close to the more precisely measured LLRR sites (within 42 m). The largest errors to consider are orbital in nature, caused by errors in the lunar gravity field model and errors or gaps in satellite tracking. These errors are especially important for Chang'E-1. Unlike SE-LENE, Chang'E-1 did not have a relay satellite providing tracking over the far side of the Moon. Orbital errors propagate directly into the laser altimetry through the radial, along-track and cross-track components of the satellite's footprint positions , Goossens et al. 2009 . A constant radial orbit error translates into a scale error in the lunar shape parameters. Horizontal errors in the footprint positions, on the other hand, mainly a¤ect the position of the geometric center of the lunar figure with respect to the lunar center of mass. Among the three orbital error components, radial errors are usually smaller in magnitude and easier to calibrate from accurate laser altimetry measurements, the well-observed radial components of LLRR sites (Davies and Colvin 2000) , and ALSEP locations (King et al. 1976) . Systematic errors in the horizontal footprint positions are larger and more di‰cult to model, since there are no footprints colocated with LLRR and ALSEP sites despite the dense coverage of the Chang'E-1 and SELENE laser altimetry measurements. However, because systematic alongtrack and cross-track errors are normal to the radial errors, they do not a¤ect the lunar shape parameters significantly but only contaminate estimates of the center of the figure. Therefore, in the absence of other information, this study only calibrates the systematic radial errors. The radial precisions of the satellite orbits have been quantified through analysis of laser altimetry measurements separated in time at the same geographic location, comparing ascending and descending ground tracks of the satellite. The radial orbit errors are reported to be 30 m for Chang'E-1 , and just 1 m for SELENE (Goossens et al. 2009 ). The laser altimetry errors of Chang'E-1 and SE-LENE are small compared to their respective orbital errors of e5 and e1 m , Goossens et al. 2009 ). One remaining concern about systematic range errors is the distortion of return pulses by the target terrain, which may be sloped or rough and has an unknown albedo (Gardner 1992) . This source of uncertainty introduces an additional range error of approximately e12 m (Araki et al. 2009b ). Despite their somewhat larger uncertainties of e30 m in the radial coordinate and e10 m in the horizontal (King et al. 1976) , ALSEP locations still contribute meaningfully to the calibration and are included in our analysis. The LLRR locations, which are accurate to e1 m radially (Davies and Colvin 2000) , are also included. A large error specific to our calibration approach arises because none of the laser altimetry pulses is located near the LLRR and ALSEP sites. Hence, the radial distances of hypothetical laser footprints at the LLRR and ALSEP locations need to be interpolated from digital elevation models constructed using nearby footprint positions. Since both satellites are in polar orbits, the footprints are spaced regularly and frequently only along the North-South direction. Their distribution in the East-West direction is not suitable for creating digital terrain models. Moreover, currently unknown reference frame di¤erences render the identification of the nearby footprints ambiguous, unless aided by satellite imagery. It is therefore more appropriate to interpolate from a large number of nearby footprint locations and introduce a radial proximity error. This random error is defined as the error caused by using nearby points as if they are collocated. The error is assumed to be proportional to the distance to nearby LLRR or ALSEP locations. The coe‰cient of the proximity error is chosen conservatively at e10 m per km, which introduces a maximum uncertainty of e100 m for a footprint 10 km away from a LLRR or AL-SEP site. By far, this is the largest radial error source, but it is unavoidable in order to represent the error conservatively. In light of the aforementioned error sources, the stochastic calibration model reads as
where r LAL and r REF are n Â 1 vectors containing the radial distances of the LLRR and ALSEP locations and the n laser altimetry measurements respectively. The unknown parameter D represents any unmodeled, constant systematic errors common to all measurements at the calibration locations. e T is the n Â 1 random error in the di¤erences r LAL À r REF .
Its components are assumed to be statistically independent. The diagonal elements s 2 T of the covariance matrix are the sum of squares of various error sources. Assuming the errors are additive and independent of each other, the total error is the sum of squares of the various errors (SSE):
The magnitudes of these errors are summarized in Table 1 .
As an example, Figure 2 shows the distribution of Chang'E-1 and SELENE laser altimetry measurements within 10 km of the Lunakhod 2 LLRR site. The same criterion (altimetry data within 10 km) is applied to all the other calibration sites, resulting in a total of 299 and 338 laser altimetry measurements from the Chang'E-1 and SELENE missions respectively. Figure 3 plots the di¤erences between footprint radius and calibration site radius for the entire sample. This analysis reveals some significant outliers, mainly at the Lunakhod 2 (LLRR) and AL-SEP 17 stations (both stations lie along the rough rim of Mare Serenitatis). The least squares solution to Equation (1) is equivalent to a weighted mean of the di¤erences between LLRR and ALSEP radial distances and nearby footprint radial distances. First, an initial weighted least squares solution is derived using Equation 2. Any radial di¤erences with residuals exceeding 200 m (approximately 6 times the dominant radial error) were then removed from the calibration data. The remaining sample includes 251 and 288 radial di¤erences for the Chang'E-1 and SELENE satellites respectively. Second, the calibration constants were estimated again using weights equal to the inverse squares of the residuals calculated after the initial solution. This method gives a more realistic assessment of the weights. Figure 4 shows the distribution of residuals for the radial distance di¤erences, along with their one sigma error bars. The residuals within each location are not randomly distributed, especially for the Chang'E-1 data. The patterns can be attributed to an incomplete model of the terrain and satellite pass biases. Fortuitously, there are no large-scale, systematic trends in the residuals for either mission, so the di¤erences in radial coordinates can still be characterized as a random error.
The estimated calibration constant for the Chang'E-1 data is large and statistically significant (À116 e 4 m). The calibration constant for the SELENE data is À4 e 4 m, consistent with zero. Hence, subsequent computations will use corrected Chang'E-1 radial components (adding 116 m) but the original SELENE data.
It is important to note that these calibrations are local in nature and limited by the distribution of LLRR and ALSEP locations, which are only available on the near side of the moon.
Estimation of lunar figure parameters
Three variants of the lunar figure were considered: a triaxial ellipsoid, a biaxial ellipsoid, and a sphere. The triaxial ellipsoid is characterized by an equatorial semi-major axis a, a semi-minor axis b, and a polar axis c. The three axes are oriented towards the Earth, in the plane of the sky perpendicular to the polar axis, and along the polar axis respectively. The three axes are unknown parameters. In the equation below, the Cartesian coordinates x, y, z, refer to the locations of the footprints. The center of the figure, x c , y c , z c , is also unknown. All Cartesian coordinates are measured with respect to the underlying mean Earth/polar axis reference frame centered on the center of mass of the Moon,
The second model is a special case of (3), with equatorial semi-major and minor axes a ¼ b, representing a rotational ellipsoid. No a priori constraints ensure that a > c; hence, the model can represent an oblate or prolate ellipsoid. The third model is a sphere with radius a ¼ b ¼ c ¼ R.
A uniformly weighted iterative algorithm (Pope 1972 ) is used in a partitioned computational scheme (Iz 2009) to estimate Equation (3) given the suitably calibrated and weighted footprint coordinates. To determine the relative weights of the Chang'E-1 and SELENE data, we assume Cartesian coordinate errors of 30 and 12 m respectively, equivalent to the largest source of random error in the radial coordinate. These values are derived from the footprint radial error s 2 : 
with an a priori variance of unit weight equal to one. Note that the standard errors of the estimates need to be scaled by the a posteriori variance of unit weight, although the estimates are independent of the uniform weights. Note that because the residuals shown in Figure 4 are influenced by real lunar topography, the calibration step is more important than the random error for realistic estimates of the lunar figure. Table 2 lists the estimated parameters of the nonselenocentric lunar figures and their geometric centers with respect to the center of mass of the Moon, using just one of the available datasets: Chang'E-1, SELENE or ULCN 2005. The equatorial semiminor axis estimates from the Chang'E-1 and SE-LENE datasets agree to within 3 m, validating the quality of their calibrations. Had the Chang'E-1 data not been calibrated, the di¤erences between all shape parameters of the two solutions would have been much larger. The equatorial semi-major, minor, and polar axes of the Chang'E-1 and SELENE solutions di¤er by À143 m, 3 m and À49 m respectively. The di¤er-ences in the geometric centers of these two models are 186 m, 3 m, and 52 m for the x c , y c , and z c components respectively. Note that along the x and z directions, the di¤erences in geometric center positions and axis lengths are similar in magnitude but have opposite signs. This can be explained by systematic distortions in the footprint coordinates (analogous to reference frame distortions), under certain assumptions to be explained below. The systematic di¤erences in Cartesian footprint positions from two di¤erent data sets, x, y, z and u, v, w, can be expressed as follows:
Figure 3: The radial di¤erences between reference sites and laser altimetry footprint locations for Chang'E-1 (top) and SE-LENE (bottom). Only footprints within 10 km of a LLRR or ALSEP site are plotted. The horizontal axis refers to the index number of the di¤erence, grouping measurements associated with the same reference site.
where, u 0 , v 0 , w 0 represent the translational shift between the two data sets. written as
The coordinate v is not included because distortions in this direction are negligible, as implied by the 3 m di¤erence in the equatorial semi-minor axes of the Chang'E-1 and SELENE solutions. If we assimilate u and w into the translation parameters and assume that their signs do not change, we obtaiñ
The terms on the left-hand side of (7) are the differences in the x and z directions of the geometric centers. The terms on the right-hand side are scaled coordinates along the x and z axes, parallel to the equatorial semimajor axis a and polar axis c respectively. Therefore, these relationships explain the similarities in magnitude and opposite signs of the shape parameters and geometric center coordinates of the two models. It is likely that these di¤erences are caused by unmodeled systematic e¤ects in the Chang'E-1 or SELENE orbits over the far side and polar regions, which could not be eliminated by our calibration of near-side data.
The origin of the Chang'E-1 triaxial ellipsoid is closest to the lunar center of mass (refer to the distances d c listed in Table 2 On the other hand, smaller standard errors are not indicative of a solution's accuracy. Some of the differences between the three models are considerably larger than the standard errors. The fact that ground truths (LLRR and ALSEP locations) are only available for calibration on the near side also limits the potential accuracy of the models. The histograms of the x and y components of the footprint residuals are strongly peaked, with most footprints located within 2 km of the model. The corresponding histogram for the z component is somewhat broader (Figure 5 ). The distribution of misclosures (a misclosure is defined as the deviation of Equation 3 from zero), normalized to the radius of the moon, is relatively fat-tailed because misclosures amalgamate the errors in all components. Yet radial errors still dominate the misclosures due to the lunar topography. Consequently, the RMS residuals cannot be e¤ectively reduced to a level to reflect the accuracy or precision of the solutions based solely on the observational errors in the coordinates because of the presence of the lunar topography in the radial values. For the new solutions presented here, the RMS residuals listed in Table 2 quantify the roughness of lunar topography as well as observational noise. That Chang'E-1 data are noisier than the other data sets is also evident in the calibration results. Given the small di¤erences between their lunar figure parameters (Table 2) , the triaxial and biaxial models cannot be di¤erentiated. Nonetheless, as also discussed by Iz (2009), a biaxial ellipsoid is more appropriate for reasons of parsimony and for its conventional use in lunar mapping applications.
Comparison to spherical harmonic topographical models Table 3 lists the lunar figure parameters derived from comparable spherical harmonic topographical models, namely the, CLTM-s01 model derived from an earlier dataset of 3 million Chang'E-1 laser altimetry measurements ), the STM 359_grid-02 model derived from 1.1 million SE-LENE laser altimetry measurements (Araki et al. 2009) , and the Clementine GLTM-2 solution (Smith et al. 1997) . The authors of these models did not publish realistic uncertainties and statistical details. It is also not evident whether the data were calibrated using LLRR and ALSEP locations. The model is the best-fitting biaxial ellipsoid. Misclosures are scaled to the average radius of the Moon. Table 3 : All units are meters. The first set of parameters in each row represents the Chang'E-1 CLTM-s01 topographic model, calculated using 3 million footprints ). The second set is the SELENE STM 359 grid-02 topographic model, based on 1.1 million footprints (Araki et al. 2009 ). The third set is the Clementine GLTM-2 solution (Smith et al. 1997 ( Other than the present paper, there is no published triaxial solution based on the recent laser altimetry measurements.
A comparison of the models summarized in Table 3 and Table 2 shows significant di¤erences in the topographic and geometric solutions with respect to the lunar shape parameters. However, the coordinates of their geometric centers are in remarkably good agreement.
The biaxial equatorial and polar radii of the Chang'E 1 and SELENE topographic models di¤er by À994 m 1 and 183 m respectively (subtracting their biaxial parameters). The geometric centers of these models agree remarkably well, to within a few meters. All biaxial shape parameters from the Clementine GLTM-2 solution, including the mean radii, differ considerably from the Chang'E 1 and SELENE model estimates.
The discrepancies between the earlier topographical model based solutions and the geometric solutions reported in this study are due to the mathematical models and their solution approaches as well as the data. Although both spherical harmonic solutions and ellipsoidal solutions are algebraic in nature, meaning that the sum of the squared residuals can be minimized to find an optimal fit, the latter are more closely analogous to a traditional orthogonal distance fitting solution (Ahn et al. 2001 ) because the residuals really measure the distance of an altimeter measurement footprint from the model ellipsoid. Such solutions are known for their robustness (ibid ). This is why the figure parameters and center derived from a harmonic topographic model are not equivalent to the geometric solutions. In addition, the lunar shape parameters derived from a spherical harmonic topographic expansion are not optimal because the model contains a much larger number of parameters compared to the geometric 3D models used in this study. The lower number of degrees of freedom in the topographic solutions does not have a significant impact on the standard error of the estimated parameters, because the dataset is very large. However, a truncated harmonic series (omission error) may introduce systematic errors into the solutions. Ping et al. (2003) calculated that the truncation of a topographic model from the 180th degree and order down to the 140th degree and order resulted in RMS biases in the Clementine laser altimetry data residuals close to 500 m. However, this error should be considerably less for the current harmonic models, which reach the 360th degree and order. The RMS misclosures calculated for Chang'E-1 and SELENE data using all estimated parameters (from topographic and geometric solutions) from equation (3), are listed in Table 4 . These figures can be used to assess the overall goodness of fit of each solution.
The models based on SELENE data all have larger RMS misclosures than models based on Chang'E-1 data, despite the fact that the Chang'E-1 data are noisier (Table 2) . However, the RMS misclosure is also dependent on errors in the estimated model parameters. It is likely that the lunar figure parameters derived from the harmonic models are biased, because they are based on earlier, incomplete versions of the datasets. It is also likely that harmonic solutions are less influenced by variations in the lunar topography once the models are extended to a high degree and order.
Conclusion
Overall, the new lunar figure parameters reveal a more spherical shape, with an unprecedented precision down to the meter level. Yet there is still room for improvement, in particular regarding di¤erences in the geometric centers of lunar figures estimated from Chang'E-1 and SELENE data. For example, errors in the equatorial semi-major and polar axes of triaxial and biaxial lunar figures can be reduced by an improved analysis of satellite orbits. Such issues much be resolved before we can claim that the lunar figure is as accurate as it is precise. Spherical harmonic models are powerful tools for the analysis of planetary topography. Nonetheless, the Chang'E-1 lunar figure derived in this paper has a smaller RMS misclosure than previously published harmonic solutions. Note that geometric solutions perform equally well using either Chang'E-1 or SE-LENE laser altimetry data. Traditionally, the orientation of the best fitting geometric figure is not formulated for the sake of simplicity in mapping applications. The reference figures are implicitly constrained to ellipsoids whose axes are parallel to the underlying center of mass coordinate system, so these solutions do not reflect the true shape and orientation of the Moon. Smith et al. (1997) report significant tilting of the polar axis toward the Earth when the orientation of the lunar figure is accounted for in their solutions, and also derive di¤erent lunar shape parameters. If the usefulness of the best fitting lunar ellipsoid is to go beyond lunar mapping, then models must also take into account the orientation of the geometric figure.
The Chang'E-1 and SELENE laser altimetry datasets are detailed enough to take this step.
